Each simply generated family F of trees is unambiguously associated with another simply generated family F 1 of trees such that the total weight of the trees with m leaves in F is equal to the total weight of the leftist trees with m leaves in F 1 . This interrelation induces a partition P on the set of trees with m leaves appearing in F such that each block B ∈ P is associated with exactly one leftist tree τ B ∈ F 1 with m leaves. Given τ B (resp. T ∈ B), we shall establish an explicit transformation defined on the trees for the construction of B (resp. τ B ). This approach implies a compressed representation of a simply generated family of trees with m leaves by leftist simply generated trees with the same number of leaves.
Introduction and basic definitions
Let N be the set of all natural numbers and N 0 := N ∪ {0}. Given a set F of unlabelled rooted ordered trees and a sequence of non-negative numbers (c λ ) λ≥0 , λ ∈ N 0 , with c 0 > 0, c λ ≥ 0 for λ ∈ N, and c λ > 0 for some λ ∈ N\{1}, the weight ω(T ) of a tree T ∈ F is defined by ω(T ) := λ≥0 c
|D λ (T )| λ
, where D λ (T ) denotes the set of nodes x appearing in T with degree deg(x) = λ, i.e. with λ direct successors. If F n := {T ∈ F | λ≥0 | D λ (T )| = n} denotes the subset of trees in F with n nodes then the generating function E(z) := n≥1 Ω n z n for the sum Ω n := T ∈F n ω(T ) of the weights of the trees in F n satisfies the functional equation E(z) = zΘ (E(z)), where Θ (y) is the (formal) power series Θ (y) := λ≥0 c λ y λ . Following [10] , such a family of trees is said to be simply generated. Note that the elements of the set DEG(Θ ) := {λ ∈ N 0 | y λ ; Θ (y) = 0} are 1 the allowed node degrees in the trees appearing in F . Since the function Θ uniquely characterizes the corresponding simply generated family of trees, we shall write F (Θ ) in the following considerations. Of course, the most interesting cases are where c λ ∈ {0, 1}: we are counting special kinds of rooted trees such as t-ary trees (Θ (y) := 1 + y t , t ∈ N\{1}), extended binary trees (Θ (y) := 1 + y 2 ), unbalanced 2-3-trees (Θ (y) := 1 + y 2 + y 3 ) or ordered trees (Θ (y) := (1 − y) −1 ) .
Considering the subset In this paper we shall restrict our considerations to simply generated trees with a specified number of leaves, i.e. to trees in F m (Θ ) := {T ∈ F (Θ ) | |D 0 (T )| = m}. Note that the set F m (Θ ) is finite iff nodes with degree one are not allowed, i.e. 1 / ∈ DEG(Θ ). Thus, we shall constantly assume y; Θ (y) = 0 for a function Θ characterizing a simply generated family of trees F (Θ ). 
Using the inversion formula of Lagrange (e.g. [1, p. 148 ff.]), it is not hard to verify that the inverse B −1 of B, i.e. the function for which B −1 (B(u)) = B(B −1 (u)) = u identically holds, is given by
Next, let us introduce the subclass LF m (Θ ) of all leftist trees appearing in F m (Θ ).
Denoting the subtree of a rooted ordered tree T ∈ F m (Θ ) with the root x by T x , the tree T is said to be a leftist tree if the equality LBL(T x ) = min{dist(x, v) | v ∈ D 0 (T x )} holds for all nodes x appearing in T . Here, the distance dist(x, y) from node x to y is defined by the number of nodes appearing in the shortest path from x to y, and LBL(T ) denotes the left-branch-length of T defined by the distance dist(r, a) from the root r to the leftmost leaf a in T . Roughly speaking, a rooted ordered tree T ∈ F m (Θ ) is a leftist tree if in any subtree T , the leaf nearest to the root of T is the leftmost leaf of T . Leftist extended binary trees have been introduced in [2] (see also [9, pp. 149-152,157] ). Asymptotic equivalents to the number of leftist extended binary trees and to various other parameters defined on these trees have been derived in [4, 5, 11] . The generalization to leftist simply generated trees together with asymptotic equivalents to the number of these trees with specified leaves have been presented in [7] . Asymptotic equivalents to the number of leftist simply generated trees with specified nodes or specified nodes and leaves together with various distributional results can be found in [3] . Finally, a systematic one-to-one correspondence between extended binary trees with m leaves and leftist 2-3-trees with m leaves has been presented in [6] .
be the generating function for the sum of the weights of the trees in LF m (Θ ). It is well-known [3, 7] that the function L(u) satisfies the functional equation
which has exactly one solution L with L(0) = 0. The purpose of this paper is to generalize the special result established in [6] to an arbitrary simply generated family of trees. We shall show that each class of simply generated trees F (Θ ) is unambiguously associated with another class of simply generated trees F (Θ 1 ) such that the total weight Ω m (Θ ) of the trees with m leaves in the former class is equal to the total weight LΩ m (Θ 1 ) of the leftist trees with m leaves in the latter class. A consequence of this interrelation is the following compressed representation of simply generated trees in F m (Θ ) by the leftist trees in LF m (Θ 1 ): there is a partition on the set F m (Θ ) consisting of |LF m (Θ 1 )| blocks such that each block of the partition is associated with exactly one leftist tree belonging to LF m (Θ 1 ). Given a leftist tree in LF m (Θ 1 ), we shall present an explicit transformation which constructs the trees appearing in the associated block of the partition on F m (Θ ). An inverse explicit transformation from a simply generated tree in F m (Θ ) to the corresponding leftist tree in LF m (Θ 1 ) will be established, too.
The main observation
In this section, we shall present a short analytical proof of our main observation. 
In the sequel, a pair (F (Θ ), F (Θ 1 )) of simply generated families of trees is called admissible iff Θ and Θ 1 are interrelated according to the previous Theorem 2.1. 
where F i is the i th Fibonacci number [8, p. 13 ]; (4) the class F (Θ ) of all ordered trees with even node-degrees, i.e. Θ (y) = (1 − y 2 ) −1 , and the class F (Θ 1 ) of trees with 
where
(b) It is not hard to see that the converse of the observation presented in Theorem 2.1 is not valid. There do exist classes of simply generated trees such that the sum of the weights of the leftist trees with m leaves appearing in that class is not equal to the sum of the weights of the trees with m leaves in any other class of simply generated trees. For example, consider the leftist trees with m leaves in
Using (3), we find
for the generating function of the total weights LΩ m ( Θ ). Now, assume that there is a simply generated family of trees
By (1), we find
for the generating function of the total weights Ω m (Θ ), and therefore
Thus, particular choices of b i ≥ 0 lead to negative values for
. . . Hence, there does not exist a simply generated family of trees F (Θ ) such that the sum of the weights of the trees with m leaves in that class is equal to the sum of the weights of the classical leftist extended binary trees with m leaves. The following corollary gives us information about the general interrelation of the coefficients y λ ; Θ (y) and y λ ; Θ 1 (y) for an admissible pair of simply generated families of trees.
Corollary 2.1. Let (F (Θ ), F (Θ 1 )) be an admissible pair of simply generated families of trees with Θ (y)
We have for λ ≥ 0:
) with
Proof. Inserting the explicit expression for Θ (y) into the right-hand side of the equation for Θ 1 (y) given in Theorem 2.1 and using the identity a n −b n = (a−b) 0≤λ<n a λ b n−1−λ with a := x and b := Θ (x) − c 0 , we immediately obtain 
Now, rearranging the terms in the triple sum according to
and noticing that B n,0 (x 1 , x 2 , . . . , x n+1 ) = δ n,0 , we obtain the established result for b λ = y λ ; Θ 1 (y) by a straightforward computation. Here, δ n,m denotes Kronecker's delta. b 0 = c 0 ; (b) There is an alternative representation of the quantity b λ which allows an illustrative combinatorial interpretation: rearranging the terms appearing in the double sum of the relation (4), we immediately obtain Since λ − r − i ≥ r , we have 1 ≤ r ≤ 1 2 (λ − i ) and therefore i ≤ λ − 2. Hence, we finally find
Now, consider the set of rooted ordered trees
-the root of a tree appearing in T r,i (λ) has the degree r + i and the direct successors
-the r direct successors of x j , 1 ≤ j ≤ r , and the i direct successors x k , r < k ≤ r +i , are leaves.
The general structure of a tree in T r,i (λ) is presented in Fig. 1 . Note that all trees in T r,i (λ), r ≥ 1, i ≥ 1, are non-leftist; the tree in T 0,i (λ), i ≥ 2, is a leftist tree. Obviously, the relation
holds for all trees in T r,i (λ). Thus, the sum of the weights of the trees in T r,i (λ) is equal to 
The trees in T r,i (λ) for λ ∈ [2 : 6] are drawn in Fig. 2 .
Explicit transformations
An enumeration result like the one presented in Theorem 2.1 challenges one to establish explicit transformations between the two classes of trees. Usually, such transformations are proved by encoding the trees via strings or sequences and continued by establishing an algorithm on these objects and describing the transformation. To avoid an unsuitable and tedious formalism which veils the transformations defined on the trees, the author has decided to present the correspondence by means of explicit transformations defined on the trees themselves.
A transformation from LF
be the subset of all trees in T r,i (λ) with the node-degrees contained in DEG(Θ ) and let p :
Here, for the sake of clarity, the number at a node indicates its degree. Thus, in order to construct lg(τ ) of a leftist tree τ ∈ LF m (Θ 1 ) whose root has the subtrees τ 1 , τ 2 , . . . , τ λ , λ ∈ DEG(Θ 1 ), in left to right order, we have to -take all trees T ∈ T Θ r,i (λ), r ≥ 0, i ≥ 1, and -attach λ subtrees Note that both quantities are equal because
, with m ∈ [2 : 4] leaves are drawn in Fig. 3 .
Next, we shall prove that the transformation lg essentially describes an explicit correspondence between LF m (Θ 1 ) and F m (Θ ). (a) The implication lg(τ (1) ) ∩ lg(τ (2) ) = ∅ τ (1) = τ (2) holds for all τ (1) , τ (2) ∈ LF m (Θ 1 ).
Proof. First, note that every tree τ ∈ LF m (Θ 1 ) has a unique representation as given in the arguments of the transformation lg defined in (A λ ). Next, it is evident by the construction of lg(τ ), τ ∈ LF m (Θ 1 ), that all nodes appearing in a tree T ∈ lg(τ ) have a degree contained in DEG(Θ ), and that the relation |D 0 (T )| = |D 0 (τ )| = m holds for all T ∈ lg(τ ). Thus, lg(τ ) ⊆ F m (Θ ), and the transformation lg represents a well-defined mapping. Now, let (1) , τ (2) ∈ LF m (Θ 1 ))(lg(τ (1) ) ∩ lg(τ (2) ) = ∅ τ (1) = τ (2) ).
(a) We shall prove the implication R m by induction on m.
-For m ∈ {1, 2}, we find by (A 0 ) and (A 2 )
Thus, the statements R 1 and R 2 are evidently true.
-For m = 3, we have
The statement R 3 is evidently true for the last two alternatives. Considering the first alternative, we find by (A 0 ), (A 2 ) and (A 3 )
Hence, the statement R 3 is valid, too. -Now, assume that R k is true for k < m. We consider two trees τ (1) , τ (2) ∈ LF m (Θ 1 ),
i.e.
Note that |D 0 (τ
because the τ (1) ν , 1 ≤ ν ≤ λ 1 , and the τ (2) µ , 1 ≤ µ ≤ λ 2 , are subtrees of leftist trees. Now, assume that T ∈ lg(τ (1) ) ∩ lg(τ (2) ). Applying (A λ j ) to τ ( j ) , j ∈ {1, 2}, we find
Without loss of generality, we choose r 1 ≤ r 2 , i.e. i 1 ≥ i 2 . Thus, d
s , 1 ≤ s ≤ r 1 . Now, we successively find
The equalities given in (α) imply lg(τ
i 2 +s ) = ∅, 1 ≤ s ≤ r 1 . Hence, τ (1) i 1 +s = τ (2) i 2 +s , 1 ≤ s ≤ r 1 , by the induction hypothesis R κ , κ := |D 0 (τ (1) i 1 +s )| < m. In a similar way, the relations presented in (γ ) imply lg(τ (1) r 2 −r 1 +k ) ∩ lg(τ (2) k ) = ∅, 1 ≤ k ≤ i 2 , and therefore
Thus, if r 1 = r 2 , i.e. i 1 = i 2 , then we have shown that τ (1) = τ (2) and the proof is completed.
Next, let r 1 < r 2 . We shall prove that this assumption always yields a contradiction. For this purpose, let Using the equation stated in (β) with q = 1, we find for some T
1,ρ−η , 0 ≤ η < ρ. Choosing η := ρ − 1 in the latter equation, we obtain lg(τ
1,1 ) = ∅, and therefore by the induction hypothesis R κ ,
Now, we find the desired contradiction as follows:
1 )
= LBL(τ
r 2 −r 1 +1 )
≥ LBL(τ
1,1 ) + 1 (10) = LBL(τ
This completes the proof of part (a) of our theorem.
(b) Again, this statement can be proved by induction on m.
-For m ∈ {1, 2}, we find
Since b 0 = c 0 and b 2 = c 2 , the relation holds.
-For m = 3, we obtain: -Now, assume that the equality ( †) :
, we obtain with the notation used in the definition of (A λ )
This completes the proof of part (b) of our theorem. 
Thus, we obtain the relation
. This completes the proof of part (c) of our theorem.
Remark 3. (a) Using the parts (a)-(c) of the previous theorem, we obtain
(b) Note that the result established in part (c) of the preceding theorem shows that all trees with m leaves appearing in a simply generated family of trees F m (Θ ) can be effectively constructed from the leftist trees with m leaves belonging to another simply generated family of trees F m (Θ 1 ). We simply have to apply the mapping lg to all leftist trees in F m (Θ 1 ). In this way, we obtain a partition P :
| blocks such that each block of P is associated with exactly one leftist tree belonging to LF m (Θ 1 ).
(c) A systematic one-to-one correspondence between extended binary trees with m leaves and leftist 2-3-trees with m leaves has been discussed in [6] . The transformation lb established there [6, p. 99] does not coincide with the corresponding mapping lg given by (A 3 ) in this paper. But, permuting the subtrees lb(τ 3 ) and lb(τ 2 ) appearing on the right-hand side of (A 3 ) in [6, p. 99], the resulting transformation corresponds to the mapping lg defined in this paper.
A transformation from
In order to define this transformation, we have to introduce the so-called Ldecomposition of a simply generated tree T ∈ F m (Θ ) which is defined as follows:
Starting at the root r of the tree T ∈ F m (Θ ), a label ξ(x) is attached to each node according to the following labelling function:
(1) If all direct successors of r are nodes with a degree greater than zero (internal nodes) then ξ(r ) := 0; otherwise, set ξ(r ) := 1; (2) If the direct predecessor of a node x = r has the label 0 and all direct successors of x are internal nodes, then ξ(x) := 0; otherwise, set ξ(
, where
is the tree with the root r which arises from T by eliminating all nodes whose direct predecessor has the label 1;
Note that at least one direct successor of the root of a subtree T (i) , i ∈ N, is always a leaf of T . Now, we are ready to define the transformation gl:
in the following recursive way:
Again, for the sake of clarity, the number at a node indicates its degree. Moreover, Now, the L-decomposition of the tree T (4) is T (4) 
• , T (4) (1) = T (4) with the root β 4 , and we further obtain by (B 0 ) and (B >1 )
Applying the same procedure to the right subtree of the root of the latter tree gl(T (4) ) and to the remaining trees gl (T ( j ) ), 1 ≤ j ≤ 3, we successively find Thus, the presented transformation gl applied to the tree T ∈ F 15 (Θ ) finally yields Conversely, starting with τ ∈ LF 15 (Θ 1 ), the application of the transformation lg presented in Section 3.1 leads to the set lg(τ ) ⊆ F 15 (Θ ) consisting of 32 trees with T ∈ lg(τ ).
Considering Fig. 3 , the tree gl(
, is identical with the tree appearing in the corresponding argument of lg in the first line.
Next, we shall prove that the transformation gl (resp. lg) essentially plays the role of the inverse transformation of lg (resp. gl). F (Θ 1 )) be an admissible pair of simply generated families of trees, and let lg (resp. gl) be the transformation introduced in Section 3.1 (resp. Section 3.2).
Theorem 3.2. Let (F (Θ ),
(
Proof. Since the L-decomposition of a tree T ∈ F m (Θ ) is uniquely determined, every tree T has a unique representation as given in the arguments of the transformation gl. 
because the substitution of all leaves appearing in a leftist tree by leftist trees with a left-branch-length two always leads to a leftist tree.
In summary, we have shown that the transformation gl is a well-defined mapping. Now, let us turn to the statements presented in the theorem. T δ r +2 , . . . , T δ r +i , T 1 , . . . , T δ r ) in the above set lg(T j λ ), it is easily verified that T ( j λ ) ∈ lg(T j λ ). Applying again the induction hypothesis, we find T (0) ∈ lg(gl (T (0) )) . Thus, the tree is contained in the set of trees specified by the right-hand side of the above representation of lg(gl(T )) because the choice of
with the uniquely determined L-decomposition of the tree T , we have proved the desired result T ∈ lg(gl(T )). 
It has been proved in [7] that every leftist tree contained in a simply generated family of trees can uniquely be constructed by taking a leftist tree of that class and by substituting all its leaves by leftist trees with a left-branch-length two also belonging to that class. Using this general result, every tree τ ∈ LF m (Θ 1 ) has the unique representation of the form where 1 , 2 , . . . , |D 0 (τ 0 )| are the leaves of τ 0 ∈ LF (Θ 1 ) in left to right order and (k) has the form Applying the transformation lg to the tree τ , we obtain the set of trees Now, consider an arbitrary tree T ∈ lg(τ ), i.e.
Since every τ (k) has the special form presented above, the transformation lg implies that each tree
Now, labelling the tree T ∈ lg(τ ) by the function ξ presented at the beginning of Section 3.1, all nodes in T (0) with the exception of its leaves j q , 1 ≤ q ≤ |D 0 (T (0) )|, get the label 0; the label 1 is attached to the nodes j q ,
. Applying the transformation gl to the tree T , we obtain by (B >1 ) where Now, we have (
is identical with the unique representation of τ presented at the beginning of the proof of this part.
This completes the proof of our theorem.
Concluding remarks
In this paper, we have presented an unambiguous representation of all trees with m leaves appearing in a simply generated family of trees F (Θ ) by leftist trees with the same number of leaves contained in another simply generated family of trees F (Θ 1 ). Applying the transformation lg introduced in Section 3.1 to each leftist tree in the class 
= u + u 2 + 3u 3 + 10u 4 + 38u 5 + 154u 6 + 654u 7 + 2871u 8 + 12 925u 9 + 59 345u 10 + 276 835u 11 + 1 308 320u 12 + · · · and
= u + u 2 + 2u 3 + 6u 4 + 19u 5 + 65u 6 + 232u 7 + 856u 8 + 3237u 9 + 12 484u 10 + 48 911u 11 + 194 132u 12 + · · · .
So, using the transformation lg, the knowledge of the 2 (resp. 6, 19, 65, 232, etc.) leftist trees in LF (Θ 1 ) suffices to construct the 3 (resp. 10, 38, 154, 654, etc.) trees with 3 (resp. 
